Some Generalizations of Bessel Processes

Anja Göing, ETH Zürich

Risklab Report

April 1997

Contents

Introduction 1 Main properties of Bessel processes . . . . . . . . . . . . . . . 2 1 First hitting times of radial Ornstein–Uhlenbeck processes 7 2 BESQ processes with negative dimensions and extensions 14 3 Time reversal 22 3.1 Doob’s h-transform . . . . . . . . . . . . . . . . . . . . . . . . 25 3.2 Checking a time reversal theorem in Elworthy–Li–Yor . . . . 28 3.3 The three-parameters-family of processes with law^λP^{δ,μ} . . . . 31 Bibliography 38

i

Introduction

Bessel processes are a one-parameter family of diffusion processes that appear in many financial problems and have remarkable properties. Following this introduction we recall the definition of Bessel processes and their properties in detail (see I.1 – I.6). One important property of Bessel processes is, that the transition densities are known explicitly (see I.2); apart from the case of Bessel processes they are essentially only known for Ornstein–Uhlenbeck processes and Brownian motion with drift. Further important properties are the scaling property (see I.4) and the additivity property of squared Bessel processes (see I.3), which allow us to reduce many problems to simpler ones. As for the importance of Bessel processes in financial mathematics, let us first mention their contribution to the problem of pricing Asian options with arithmetic asset average. Using the fact that the exponential of Brownian motion with drift, i.e. geometric Brownian motion, is a time-changed Bessel process (see representation (0.4) in I.4), all moments of the arithmetic asset average can be calculated and an expression of the Laplace transform of the Asian option price is obtained, see Geman–Yor [7].

Furthermore, for the Cox–Ingersoll–Ross (CIR) model for interest rates [4], see (0.6), Bessel processes are playing an important role on which we will concentrate here. The CIR processes are time-space-transformed squared Bessel processes and can also be transformed by a time change to squared radial Ornstein-Uhlenbeck processes (for details see I.5 and I.6). Therefore, in order to obtain results for the CIR processes, we will consider (squared) Bessel processes respectively (squared) radial Ornstein-Uhlenbeck processes. In financial mathematics, diffusion processes are often studied until they reach a certain level for the first time, as for instance in the case of barrier options (see e.g. Geman–Yor [8], Chesney–Geman–Jeanblanc-Picqué–Yor [3]). Also for statistical reasons, first hitting times are very interesting, e.g. if we want to condition a process on never hitting a given barrier. In order to obtain results about first hitting times of the CIR process, in the first chapter we are interested in (the law of) the first time a squared radial Ornstein–Uhlenbeck process hits an arbitrary level, especially level zero.

In Chapter 2 we introduce Bessel processes with negative dimensions. For instance, as can be seen from representation (0.4), these processes arise quite naturally when the exponential of Brownian motion with a negative drift is considered. We study their properties and extend the results to a wider class of processes.

In the last chapter we more deeply investigate time reversal which was an important tool in the previous chapters. We review general results for timereversed diffusions and as an application we check a time reversal result for radial Ornstein–Uhlenbeck processes by Elworthy–Li–Yor [6]. Furthermore, we introduce a three-parameters-family of processes.

Acknowledgements:

I take great pleasure in thanking Professor Marc Yor for introducing me to Bessel process theory and guiding me through the literature and various technical difficulties.

Main properties of Bessel processes

Now we give the definition of Bessel processes and state some of their properties. As for the study of Bessel processes we refer to Revuz–Yor [30] and Pitman–Yor [27, 29].

I.1 For every δ ≥ 0 and x ≥ 0, the solution to the equation

X_t = x + δ t + 2 ∫ t 0 √ |X_s| dW_s is unique and strong. In the case δ = 0, x = 0, the solution X_t is identically zero and applying the comparison theorem we conclude X_t ≥ 0 for all δ ≥ 0.

Definition 1 (BESQ^ffi) For every δ ≥ 0 and x ≥ 0 the unique strong solution to the equation

X_t = x + δ t + 2 ∫ t 0 √ X_s dW_s is called the square of a δ-dimensional Bessel process started at x and is denoted by BESQ^δ(x).

Denote the law of BESQ^δ(x) on C(IR_+, IR) by Q^δ_x. We call the number δ the dimension of BESQ^δ. This notation arises from the fact that a BESQ^δ process X_t can be represented by the square of the Euklidian norm of δ-dimensional Brownian motion B_t: X_t = |B_t|^2. The number ν ≡ δ/2 − 1 is called the index of the process BESQ^δ.

Definition 2 (BES^ffi) The square root of BESQ^δ(a^2), δ ≥ 0, a ≥ 0 is called the Bessel process of dimension δ started at a and is denoted by BES^δ(a).

Denote the law of BES^δ(a) by P^δ_a .

In the case δ ≥ 2 BES^δ(a), a > 0, will never reach 0. For δ > 1 a BES^δ(a) process Z_t satisfies E[ ∫ t 0 (ds/Z_s)] < ∞ and is the solution to the equation

Z_t = a + δ − 1 2 ∫ t 0 1 Z_s ds + W_t . For δ ≤ 1 the situation is less simple. For δ = 1 we have with Itô-Tanaka’s formula Z_t = |W_t| = W̃_t + L_t , where W̃_t ≡ ∫ t 0 sgn(W_s)dW_s is a standard Brownian motion, and L_t is the local time of Brownian motion. For a treatment of local times see e.g. Revuz– Yor [30], Chapter VI. For δ < 1 we have

Z_t = a + δ − 1 2 p.v. ∫ t 0 ds Z_s + W_t , (0.1)

where the principal value is defined as

p.v. ∫ t 0 ds Z_s ≡ ∫ ∞ 0 x^{δ−2}(L^x_t − L^0_t )dx

and the family of local times (L^x_t , x ≥ 0) is defined as ∫ t 0 φ(Z_s)ds = ∫ ∞ 0 φ(x)L^x_t x^{δ−1}dx for all Borel functions φ : IR_+ → IR_+, see Yor [41], Chapter 10. The decomposition (0.1) was obtained using the fact that a power of a Bessel process is another Bessel process time-changed, see (0.5).

I.2 Transition densities Bessel (squared) processes are Markov processes and their transition densities are known explicitly. For δ > 0, the transition density for BESQ^δ is equal to q^δ_t (x, y) = 1 2t ( y x ) ν_2 exp { − x + y 2t } I_ν (√ xy t ) , (0.2) where t > 0, x > 0, ν ≡^δ_2 − 1 and I_ν is the modified Bessel function of the first kind of index ν. For x = 0 we have

q^δ_t (0, y) = (2t)^{− δ2} Γ (δ/2)^{−1} y^{(δ/2)−1} exp { − y 2t } . (0.3)

The transition density for BES^δ is obtained from (0.2) resp. (0.3) and is equal to p^δ_t (x, y) = 1 t ( y x )ν y exp { − x^2 + y^2 2t } I_ν ( xy t ) , with t > 0, x > 0, and

p^δ_t (0, y) = 2^{−ν}t^{−(ν+1)}Γ(ν + 1)^{−1}y^{2ν+1} exp { − y^2 2t } .

I.3 Additivity property of Bessel squared processes An important and well-known property of BESQ^δ processes with δ ≥ 0 is the following additivity property.

Theorem 1 (Shiga–Watanabe [35]) For every δ, δ^′ ≥ 0 and x, x^′ ≥ 0: Q^δ_x ∗ Q^{δ′}_x′ = Q^{δ+δ′}_{x+x}′ , where Q^δ_x ∗ Q^{δ′}_x′ denotes the convolution of Q^δ_x and Q^{δ′}_x′ .

For a proof see Shiga–Watanabe [35] or Revuz–Yor[30], p. 410.

I.4 Scaling property and representations BES^δ processes have the Brownian scaling property, i.e. if X is a BES^δ(x), then the process c^{−1}X_c2_t is a BES^δ(x/c) for any c > 0. BESQ^δ processes have the following scaling property: if X is a BESQ^δ(x), then the process c^{−1}X_{ct} is a BES^δ(x/c).

An important result by Lamperti [19], see also Williams [38], is that the exponential of Brownian motion with drift can be represented as a timechanged Bessel process:

exp(B_t + νt) = X^{(ν)} (∫ t 0 exp 2(B_s + νs) ds ) , t ≥ 0 , (0.4)

where (X^{(ν)}(u), u ≥ 0) is a Bessel process with index ν. We remark that because of the Brownian scaling property this result can be extended to a representation of exp(a B_t + νt). There is also a representation of exp(a B_t + νt) in terms of BESQ processes (see Geman–Yor [7]), and in terms of arbitrary powers of BES processes. This result is closely related to the fact that a power of a Bessel process is another Bessel process time-changed qZ^{1/q}_ν (t) = Z_{νq} (∫ t 0 ds Z^{2/p}ν (s) ) , (0.5)

where^1_p +^1_q = 1, ν > −^1_q , see e.g. Revuz–Yor [30], Proposition 11.(1.11).

I.5 Transformation: CIR process – squared Bessel process Cox, Ingersoll and Ross [4] have proposed an interest rate model in which the process for the short term interest rate is the solution to the equation

X_t = x + ∫ t 0 (a + bX_s) ds + σ ∫ t 0 √ X_s dW_s , (0.6)

for t ≥ 0, a ≥ 0, σ > 0. In the finance literature this process is known as the Cox–Ingersoll–Ross (CIR) process. For a treatment of interest rate models including the CIR model we refer to Lamberton–Lapeyre [18], §6. We remark that this process is also used in a population growth model, see Karlin–Taylor [15], p. 334.

The CIR process is a space-time transformed BESQ process, more explicitly: A BESQ^δ(y) process Y can be transformed to the CIR process X by X_t = e^{bt} Y ( σ^2 4b (1 − e^{−bt}) ) , where δ ≡ 4a/σ^2.

I.6 Transformation: CIR process – squared radial Ornstein–Uhlenbeck process A squared radial Ornstein–Uhlenbeck process is the solution to the equation

Y_t = y + ∫ t 0 (δ − 2λY_s) ds + 2 ∫ t 0 √ Y_s dW_s for t ≥ 0, δ ≥ 0. Radial Ornstein–Uhlenbeck processes are studied in detail in the first chapter, see (1.1). A squared radial Ornstein–Uhlenbeck process can be transformed by the time transformation g(t) = σ^2t/4 to the CIR process X, where δ ≡ 4a/σ^2, λ ≡ −2b/σ^2, with the notation in (0.6). The transformations in I.5 and I.6 show the strong relation between CIR processes and squared Bessel respectively squared radial Ornstein–Uhlenbeck processes. In Chapter 1 we are considering first hitting times of squared radial Ornstein–Uhlenbeck processes, and by means of the transformation in I.6 we see immediately that, once the law of the first hitting time of a squared radial Ornstein–Uhlenbeck process is found, we know the law of the first hitting time of the CIR process.

Chapter 1

First hitting times of radial Ornstein{Uhlenbeck processes

As motivated in the introduction (see I.6) we are interested in finding the law of first hitting times of squared radial Ornstein–Uhlenbeck processes. As for the subject of first hitting times we refer to Breiman [1], Novikov [24, 25, 26], Shepp [34] and Yor [39].

First we recall the definition of (squared) radial Ornstein–Uhlenbeck processes. Let {W_t} be a one-dimensional Brownian motion, λ ∈ IR, δ ≥ 0 and z ≥ 0. The solution to the equation

Z_t = z + ∫ t 0 (δ − 2λZ_s) ds + 2 ∫ t 0 √ |Z_s| dW_s is unique and strong (see Revuz–Yor [30] Chapter IX §3). Since in the case δ = 0, z = 0, the solution is Z_t ≡ 0, we deduce from the comparison theorem Z_t ≥ 0 for all δ ≥ 0, and hence the absolute value can be omitted; the solution of Z_t = z + ∫ t 0 (δ − 2λZ_s) ds + 2 ∫ t 0 √ Z_s dW_s (1.1)

is called a squared δ-dimensional radial Ornstein–Uhlenbeck process with parameter −λ. It is a Markov process; hence, the square root of this process is also a Markov process and is called a δ-dimensional radial Ornstein– Uhlenbeck process with parameter −λ. For δ ≥ 2 and z > 0, it almost surely does not hit zero. For δ > 1 it is the solution to the equation dR_t = ( δ − 1 2R_t − λR_t ) dt + dW_t , R_0 = x = √ z .

Our aim is to find the law of

T_y = inf{t | R_t = y} , (1.2)

the first time a radial Ornstein–Uhlenbeck process {R_t} with parameter −λ starting in x > 0 hits the level y, 0 < y < x. For δ < 2, we have^{−λ}P^δ_x (T_0 < ∞) > 0, that is, the process {R_t} may reach 0; if δ < 2 and λ > 0, then −λP^δ_x (T_0 < ∞) = 1, that is, {R_t} reaches 0 a.s. and hence every y a.s., 0 < y < x. We remark, that since:

T_y = inf{t | R_t = y} = inf{t | R^2_t = y^2} ,

once we found the law of (1.2) we have solved our original problem: finding the law of the first time a squared radial Ornstein–Uhlenbeck process with δ < 2 starting in a (= x^2) hits b (= y^2), 0 < b < a.

Call^{−λ}P^δ_x the law of a δ-dimensional radial Ornstein–Uhlenbeck process with parameter −λ. The density^{−λ}p^δ_x(t) of the first hitting time of 0 of a radial Ornstein–Uhlenbeck process is calculated in Elworthy–Li–Yor [6] (see Cor. 3.10) by using a time reversal argument, that is, for y = 0 the problem is solved:

−λp^δ_x(t) = x^{2−δ} 2^νΓ(ν) exp [ λ 2 (δt + x^2(1 − coth(λt))) ] [ λ sinh(λt) ] 4−δ 2 , (1.3)

where δ < 2, λ > 0, x > 0 and ν =^{4−δ}_2 − 1.

In the following, let T_{x→y} denote the first time a radial Ornstein–Uhlenbeck process with dimension δ < 2, starting in x > 0, hits y, 0 ≤ y < x. Why calculating the density of T_{x→y} is more complicated than calculating the density of T_{x→0} will be explained later. We have

T_{x→0}^{(law)}= T_{x→y} + T_{y→0} ,

where T_{x→y} and T_{y→0} are independent because of the strong Markov property. Hence, we have for the Laplace transforms (LTs)

−λE^δ_x [exp (−μT_{x→0})] =^{−λ}E^δ_x [exp (−μT_{x→y})]^{−λ}E^δ_y [exp (−μT_{y→0})] ,

or equivalently, −λE^δ_x [exp (−μT_{x→y})] = ϕ_x(μ) ϕ_y(μ) , (1.4) where

ϕ_x(μ) =^{−λ}E^δ_x [exp (−μT_{x→0})] = ∫ ∞ 0 exp(−μt)^{−λ}p^δ_x(t) dt. We are interested in giving an explicit expression of the LT in (1.4). So far, we are not able to do this in general, but we can find explicit expressions of the LT in (1.4) for some examples in the case λ = 0, that is for Bessel processes. For that it is convenient to consider Bessel processes time-reversed. We refer to Chapter 3 where time reversal is studied in detail.

Let {R_t} be a Bessel process with dimension δ < 2. Then the time reversed process R̂_u ≡ R_{T0−u} , u ≥ 0, is a δ̂-dimensional Bessel process starting in 0, with δ̂ ≡ (4 − δ). The process (R̂_u) is transient since δ̂ > 2. We know by the time reversal theorem (3.7) that:

(R_{T0−u}, u ≤ T_0)^{(law)}= ( R̂_u, u ≤ L̂_x ) , (1.5) where L̂_x = sup{t | R̂_t = x}

is the last exit time of x by the process {R̂_t}. In particular, as remarked in Getoor–Sharpe [9], Sharpe [33], L̂_x under P^{δ̂}_0 has the same law as T_0 under P^δ_x . We know (see Getoor [10], Pitman–Yor [27]):

L̂_x^{(law)}= x^2 2Z_{ν̂} , (1.6)

where Z_{ν̂} is a Gamma variable with parameter ν̂ ≡^{δ̂}_2 − 1, i.e.: P (Z_{ν̂} ∈ dt) = t^{ν̂−1}e^{−t} Γ(ν̂) dt , (1.7)

and hence

P^δ_x (T_0 ∈ dt) = P^{δ̂}_0 (L̂_x ∈ dt) = 1 tΓ(ν̂) ( x^2 2t )ν̂ e^{− x22t} dt . (1.8)

Let L̂_{0→x} resp. L̂_{0→y} denote the last exit time of x resp. y by a δ̂-dimensional Bessel process (R̂_u) starting in 0. With L̂_{y↗x} we denote the last exit time of x by (R̂_u) starting in y at the last exit time of y, i.e. we consider the process starting in y but never visiting y again; distinguish carefully between L̂_{y↗x} and L̂_{y→x}, the last exit time of x by (R̂_u) starting in y. Then we have

L̂_{0→x}^{(law)}= L̂_{0→y} + L̂_{y↗x} ,

where L̂_{0→y} and L̂_{y↗x} are independent because of the strong Markov property of last exit times (for a survey see Millar [21]). Since L̂_{y↗x} has the same law as T_{x→y}, our aim is to find an explicit expression of the LT of L̂_{y↗x}:

E^{δ̂}_0 [ exp ( −^{α2}_2 L̂_{y↗x} )] = E^{δ̂}_0 [ exp ( −^{α2}_2 L̂_{0→x} )] E^{δ̂}_0 [ exp ( −^{α2}_2 L̂_{0→y} )] .

Now we can explain the difference between calculating the density of T_{x→0} and the density of T_{x→y} for y ≠ 0 of a Bessel process. The density of T_{x→0} is obtained by considering the time reversed process started in 0 and using (1.6) and that T_{x→0}^{(law)}= L̂_{0→x}. The density of T_{x→0} of a radial Ornstein– Uhlenbeck process (1.3) was obtained in a similar way, additionally using a Girsanov transformation. As for the density of T_{x→y} we cannot use the same time reversal argument since we are interested in the time reversed process started at the last exit time of y, and this is the time reversed process started in y conditioned on never hitting y again.

With (1.8) and with an integral representation of K_{ν̂}, i.e. the modified Bessel function of the second kind of order ν̂, (see e.g. Lebedev [20] p.119, (5.10.25)) we obtain the LT of L̂_{0→y}:

E^{δ̂}_0 [ exp ( −^{α2}_2 L̂_{0→y} )] = (αy)^{ν̂}K_{ν̂} (α y) 2^{ν̂−1}Γ(ν̂)

. (1.9)

Thus (see also Getoor [10], Getoor–Sharpe [9], Kent [16]): E^δ_x [ exp ( −^{α2}_2 T_y )] = E^{δ̂}_0 [ exp ( −^{α2}_2 L̂_{y↗x} )] = ( x y )ν̂ K_{ν̂}(α x) K_{ν̂}(α y) . Now we want to find a tractable form of K_{ν̂}(α x)/K_{ν̂} (α y) to obtain the density explicitly. We cannot solve this problem in general but we have found explicit forms in some special cases.

a) First, we consider Brownian motion, that is, the case δ = 1 (equivalently δ̂ = 3 or ν̂ =^1_2 ). In this case we have

L̂_{0→x}^{(law)}= T_{x→0}^{(law)}= T_{y→0} + (T̃_{(x−y)→0}), where (T̃_{(x−y)→0}) denotes an independent copy. Moreover, we know the density of T_{x→0} for Brownian motion:

q_x(t) = x √ 2πt^3 e^{− x22t} , (1.10)

that is, we know the density of T_{(x−y)→0} and therefore the density of L̂_{y↗x}. Note that E_x [ exp ( −^{α2}_2 T_{x→0} )] = ∫ ∞ 0 e^{− α2t2} q_x(t) dt = e^{−αx}. (1.11)

b) In the cases δ = −1, −3, −5, . . ., or equivalently ν̂ =^3_2 ,^5_2 ,^7_2 , . . ., we need to look precisely at K_{n+} 1_2 (α x) K_{n+} 1_2 (α y) , n ∈ IN. We know K_{n+} 1_2 (z) = √ π 2 P_n(z)e^{−z}z^−(^{n+ 12} ), (1.12) where P_n(z) = n∑ k=0 (n + k)! (n − k)! z^{n−k} 2^kk!

, n ∈ IN_0 ,

see Ismail–Kelker [12], p. 82. From (1.12) we deduce K_{n+} 1_2 (α x) K_{n+} 1_2 (α y) = ( y x )n+ 1_2 e^{−α(x−y)} P_n(α x) P_n(α y) . Hence, the LT of L̂_{y↗x} in^{α2}_2 is

E^{δ̂}_0 [ exp ( −^{α2}_2 L̂_{y↗x} )] = ( x y )ν̂ K_{ν̂} (α x) K_{ν̂} (α y) = e^{−α(x−y)} P_n(α x) P_n(α y) (1.13)

in the case ν̂ = n +^1_2 .

Let us look at the case n = 1. For the right term in (1.13) we have the following equalities: e^{−α(x−y)} P_1(α x) P_1(α y) = e^{−α(x−y)} αx + 1 αy + 1 (1.14) = αx αy + 1 e^{−α(x−y)} + 1 αy + 1 e^{−α(x−y)} (1.15) = x y ( (αy + 1) − 1 αy + 1 ) e^{−α(x−y)} + 1 αy + 1 e^{−α(x−y)} (1.16) =^x_y e^{−α(x−y)} A + ( 1 −^x_y ) 1 αy + 1 e^{−α(x−y)} B . (1.17)

We know that A is the LT in^{α2}_2 of^x_y q_{x−y}(t), see (1.10) and (1.11). As for the second term B we have B = ( 1 −^x_y ) e^{−α(x−y)} ∫ ∞ 0 exp[−(1 + αy) u] du (1.18) = ( 1 −^x_y ) ∫ ∞ 0 e^{−u}e^{−α(yu+x−y)} du, (1.19) which is the LT in^{α2}_2 of ( 1 −^x_y ) ∫ ∞ 0 e^{−u} q_{(yu+x−y)}(t) du. And since q̂(t) ≡^x_y q_{x−y}(t) + ( 1 −^x_y ) ∫ ∞ 0 e^{−u} q_{(yu+x−y)}(t) du is a convex combination of densities we have that e^{−α(x−y)} P_1(αx) P_1(αy)

is the LT in^{α2}_2 of q̂(t).

As mentioned, so far we are not able to invert the LT of T_{x→y} of a δdimensional radial Ornstein–Uhlenbeck process R with δ < 2 in general. But considering the time reversed radial Ornstein–Uhlenbeck process R̂ started in 0, we can write the process after L̂_{0→y}, the last exit of y, as a diffusion, that is, as the solution of a stochastic differential equation. This we obtain by using a specific technique, the “enlargement of filtration“. For a treatment see e.g. Jeulin [14] and Yor [41] §12. Heuristically spoken, we enlarge the original filtration progressively, so that the last exit time L̂_{0→y} becomes a stopping time. Applying Theorem 12.4 in Yor [41] we obtain

R̃ ≡ R̂_{(L̂0→y +u)} = y + ∫ u 0 b(R̃_v)dv − ∫ u 0 s^′(R̃_v) s(y) − s(R̃_v) 1_(~_{Rv >y)}dv + W̃_u , (1.20)

where u ≥ 0, b is the drift and s is the scale function of the transient diffusion R̂. Thus we have written the process after L̂_{0→y}, that is, the time reversed process started in y conditioned on never hitting y again, as a diffusion R̃. As an illustration consider the process R̂ to be a transient BES process X̂, i.e. a BES process with index ν > 0, started in 0. Its scale function may be chosen as s(x) = −x^{−2ν} and we obtain from (1.20)

X̃_u ≡ X̂_{(L̂0→y +u)} = y + ∫ u 0 1 X̃_v (ν +^1_2 )X̃^{2ν}_v + (ν −^1_2 )y^{2ν} X̃2ν_v − y2ν dv + W̃_u. (1.21)

For a BES^3(0) process X̂ (1.21) reduces to X̃_u ≡ X̂_{(L̂0→y +u)} = y + ∫ u 0 dv X̃_v − y + W̃_u. Hence for a BES^3(0) process X we have (X_{Ly+u} − y, u ≥ 0)^{(law)}= (X_u, u ≥ 0) .

In general, the transition density p̃ of the diffusion R̃ in (1.20) is unknown. Note that if it were known, we would obtain the density of the last hitting time of x by the process R̃ immediately from the formula P_y(L̃_x ∈ dt) = − 1 2s(x) p̃_t(y, x) dt , (1.22) see Borodin–Salminen [2] IV.43, Revuz–Yor [30] VII.(4.16), where R̃_0 = y and s is the scale function of R̃ with lim_{a↓0} s(a) = −∞ and s(∞) = 0.

Chapter 2

BESQ processes with negative dimensions and extensions

Bessel processes with nonnegative dimension δ ≥ 0 and starting point x ≥ 0 are well-studied, see Introduction I.1-I.4 and e.g. Revuz–Yor [30], Chapter XI. It seems to be quite natural also to consider Bessel processes with nonnegative dimension and negative starting point. As will be developed later this case is strongly related to Bessel processes with negative dimensions. Therefore we are motivated to extend the definition of BESQ^δ_x processes (see I.1) to BESQ^δ_x processes with arbitrary δ, x ∈ IR.

Definition 3 The solution to the stochastic differential equation dX_t = δ dt + 2 √ |X_t| dW_t , X_0 = x , (2.1)

where {W_t} is a one-dimensional Brownian motion, δ ∈ IR and x ∈ IR, is called the square of a δ-dimensional Bessel process, starting in x, and is denoted by BESQ^δ_x.

Equation (2.1) has a unique strong solution (see Revuz–Yor [30], Chapter IX §3). Denote its law by Q^δ_x. First, we want to investigate the behaviour of a BESQ^δ_x process, starting in x > 0 with dimension δ ≤ 0. In the case δ = 0 the process reaches 0 in finite time and stays there. As for the case δ < 0, we deduce from the comparison theorem that this process is smaller than the process with δ = 0, hence, that 0 is also reached in finite time. Let us consider the behaviour of a BESQ^δ_x process {X_t} with δ < 0 and x > 0 after it reached 0; we find:

X̃_u ≡ X_{T0+u} = δ u + 2

∫ T_0+u T0 √ |X_s| dW_s , u ≥ 0 , (2.2) where T_0 denotes the first time the process {X_t} hits 0

T_0 = inf{t | X_t = 0} .

With the notation γ ≡ −δ we obtain from (2.2)

−X̃_u = γ u + 2 ∫ u 0 √ |X̃_s| dW̃_s , u ≥ 0 , where W̃_s ≡ −(W_{s+T0} − W_{T0} ), that is, after the BESQ^{−γ}_x process {X_t} hits 0, it behaves as a –BESQ^γ_0 , γ > 0.

From the above discussion we deduce that a BESQ^δ_x process with δ < 0 and x ≤ 0 behaves as a –BESQ^{−δ}_{−x}, especially it never becomes positive. Now we return to the case which motivated us to study Bessel processes with arbitrary δ, x ∈ IR:

For a BESQ^δ_x process with dimension δ ≥ 0 and starting point x ≤ 0, we obtain with the same argument as above, that it behaves as a –BESQ^{−δ}_{−x} process; this means, until it hits 0 for the first time it behaves as a –BESQ^{−δ}_{−x} process, and after that it behaves as a BESQ^δ_0.

An important and well-known property of squared Bessel processes with nonnegative dimensions is the additivity property, see Introduction I.3. We show that the additivity property is no longer true for BESQ^δ processes with δ ∈ IR arbitrary. Consider the BESQ^β_x process Z^β and the BESQ^{β̃}_y process Z^{β̃}, where β > 0, β̃ ≡ −γ < 0 with β ≥ γ, x ≥ 0 and y ≤ 0. Assuming the additivity property holds, would yield:

Z^β + Z^{β̃ (law)}= Z^β − Z^{γ (law)}= Z^{β−γ} ≥ 0,

since β ≥ γ. Z^β and Z^γ are independent processes and for the following simple reason Z^β ≥ Z^γ cannot be true: Let X, Y be two independent realvalued random variables with F_Y (x) < 1 for all x ∈ IR. Then, if 1 = P (X ≥ Y ) = E[F_Y (X)], we have F_Y (X) = 1 a.s. and hence, X has to be infinite, which is a contradiction.

Now we apply the time reversal result (3.7) to a BESQ^{−γ}_x process {X_t} with γ ≥ 0, x ≥ 0, (X_t, t ≤ T_0)^{(law)}= (X̃~_{Lx−t}, t ≤ L̃_x), (2.3)

where (X̃_t, t ≥ 0) denotes a BESQ^{4+γ}_0 process and L̃_x = sup{t | X̃_t = x}. Our aim is to find the semigroup of a BESQ^{−γ}_x process {X_t} with γ ≥ 0, x ≥ 0. We have to decompose the process (X_t) before and after it hits 0 for the first time separately:

E^{−γ}_x [f(X_t)] = E^{−γ}_x [f(X_t) 1_{(t<T0)}] A + E^{−γ}_x [f(X_t) 1_{(t≥T0)}] B .

By means of (2.3) we obtain for the first term A A = E^{4+γ}_0 [f(X~_{Lx−t}) 1_{(t<}~_{Lx)}] , where X is a BESQ^{4+γ}_0 process. Since we know (see (1.6)) L̃_x^{(law)}= x 2Z_ν , where Z_ν is a Gamma variable with parameter ν ≡^{4+γ}_2 − 1, see (1.7), we have Q^{4+γ}_0 (L̃_x ∈ dt) = 1 t Γ(ν) ( x 2t )ν e^{− x}2t dt ≡ q_x(t) dt . (2.4) We obtain

E^{4+γ}_0 [f(X~_{Lx−t}) 1_{(t<}~_{Lx)}] = ∫ ∞ t E^{4+γ}_0 [f(X_{s−t})] q_x(s) ds = ∫ ∞ t (∫ ∞ 0 f(y) p^{4+γ}_{s−t} (0, y) dy ) q_x(s) ds , where p^δ_t (0, y), with δ > 0, is the semigroup density p^δ_t (x, y) in y of BESQ^δ for x = 0 p^δ_t (0, y) = ( 1 2t )^δ_2 1

Γ(^δ_2 ) y^{δ2 −1} exp ( −y 2t ) . Analogously, for the second term B we have since (−X_{t−T0} ) is a BESQ^γ_0 B = ∫ t 0 (∫ ∞ 0 f(−y) p^γ_{t−s}(0, y) dy ) q_x(s) ds . Putting A and B together we obtain

E^{−γ}_x [f(X_t)] = ∫ ∞ t (∫ ∞ 0 f(y) p^{4+γ}_{s−t} (0, y) dy ) q_x(s) ds + ∫ t 0 (∫ ∞ 0 f(−y) p^γ_{t−s}(0, y) dy ) q_x(s) ds , and hence, the semigroup density p̂^{(−γ)}_t in y of a BESQ^{−γ} process is equal to p̂^{(−γ)}_t (x, y) = ∫ ∞ t p^{4+γ}_{s−t} (0, y) q_x(s) ds , for y > 0, and p̂^{(−γ)}_t (x, y) = ∫ t 0 p^γ_{t−s}(0, |y|) q_x(s) ds , (2.5) for y < 0. We want to find the semigroup density p̂^{(−γ)}_t more explicitly. Consider the case y > 0: p̂^{(−γ)}_t (x, y) = g(x, y, γ) ∫ ∞ t (s(s − t))^{−(2+ γ2 )} exp ( − 1 2 ( y s − t + x s )) ds = g(x, y, γ) ∫ ∞ 1 t^{−3−γ} (u(u − 1))^{(2+ γ}2^) exp ( − 1 2 ( y t (u − 1) + x tu )) du , where g(x, y, γ) = Γ^{−2} ( 1 + γ 2 ) (xy)^{1+ γ}2 2^{(2+γ)}(2 + γ) . With h(x, y, γ, t) ≡ g(x, y, γ) t^{−3−γ}, m ≡ 2 + γ 2 , a ≡ y 2t , b ≡ x 2t we obtain p̂^{(−γ)}_t (x, y) = h(x, y, γ, t) ∫ ∞ 1 du (u(u − 1))^m exp ( − ( a u − 1 + b u ))

= h(x, y, γ, t) ∫ 1 0 s^{2(m−1)} (1 − s)^m exp ( −bs − as 1 − s ) ds , and hence we find a more explicit formula for p̂^{(−γ)}_t : p̂^{(−γ)}_t (x, y) = h(x, y, γ, t) e^{a−b} ∫ 1 0 (1 − w)^{2(m−1)} w^m exp ( bw − a w ) dw . Analogously we obtain in the case y < 0: p̂^{(−γ)}_t (x, y) = k(x, y, γ, t)e^{−a−b} ∫ ∞ 0 (w + 1)^{2m} w^m exp ( −bw − a w ) dw , where k(x, y, γ, t) ≡ Γ^{−2} ( γ 2 ) 2^{−γ} γ x^{γ2 +1} |y|^{γ2 −1} t^{−γ−1}, and m ≡ γ 2 , a ≡ |y| 2t , b ≡ x 2t .

As an application of the time reversal result (2.3) we make some computations concerning the law Q^{−γ}_x of a BESQ^{−γ}_x process (Z_t)_{t≥0} with γ, x > 0. Since

(−Z_{T0+t}, t ≥ 0) is a BESQ^γ_0 process, independent of the past of (Z_t) up to T_0, we have Q^{−γ}_x [ exp(− ∫ ∞ 0 f(u) Z_u du) ] = ∫ ∞ 0 Q^{−γ}_x [ exp (− ∫ t 0 f(u) Z_u du) | | | T_0 = t ]

× Q^γ_0 [ exp( ∫ ∞ 0 f(t + v) X_v du) ] Q^{−γ}_x [T_0 ∈ dt] , with a BESQ^γ_0 process (X_v)_{v≥0} and a Borel function f. From the time reversal result (2.3) we obtain Q^{−γ}_x [ exp(− ∫ t 0 f(u) Z_u du) | | | T_0 = t ] = Q^{4+γ}_0 [ exp(− ∫ t 0 f(t−u)X_udu) | | | L_x = t ] , and with the equalities

Q^{4+γ}_0 [ exp (− ∫ t 0 f(t − u)X_udu) | | | L_x = t ]

= Q^{4+γ}_0 [ exp (− ∫ t 0 f(t − u)X_udu) | | | X_t = x ]

= Q^{4+γ}_x [ exp (− ∫ t 0 f(t − u)X_{t−u}du) | | | | X_t = 0 ]

= Q^{4+γ}_x [ exp (− ∫ t 0 f(u)X_udu) | | | X_t = 0 ]

finally, we have with (2.4) Q^{−γ}_x [ exp(− ∫ ∞ 0 f(u) Z_u du) ] = ∫ ∞ 0 Q^{4+γ}_x [ exp (− ∫ t 0 f(u)X_udu) | | | X_t = 0 ]

× Q^γ_0 [ exp( ∫ ∞ 0 f(t + v) X_v dv) ] q_x(t) dt . As an interesting example consider f(u) ≡ λ^2 2 1_{[0,a]}(u) , a, λ > 0 . We know (see Pitman–Yor [29], p. 432 (2.m)) Q^{4+γ}_x [ exp(− λ^2 2 ∫ t 0 X_udu) | | | | X_t = 0 ]

= [ λt sinh(λt)

] 4+γ_2 exp [ − x 2t (λt coth(λt) − 1) ] , and hence we have Q^{−γ}_x [ exp(− λ^2 2 ∫ a 0 Z_tdt) ] = ∫ a 0 [ λt sinh(λt)

] 4+γ_2 exp [ − x 2t (λt coth(λt) − 1) ]

×Q^γ_0 [ exp( λ^2 2 ∫ a−t 0 X_vdv) ] q_x(t) dt + ∫ ∞ a Q^{4+γ}_x [ exp(− λ^2 2 ∫ a 0 X_udu) | | | | X_t = 0 ] q_x(t) dt . If in addition λ(a − t) <^π_2 ,

Q^γ_0 [ exp( λ^2 2 ∫ a−t 0 X_vdv) ] = cos(λ(a − t))^{− γ2} ,

and we have (with ν =^γ_2 + 1) Q^{−γ}_x [ exp(− λ^2 2 ∫ a 0 Z_tdt) ]

= ( x 2 )ν λ^{ν+1} Γ(ν) ∫ a 0 exp [ − x 2 λ coth(λt) ] cos(λ(a − t))^{−ν+1} sinh(λt)^{ν+1} dt + (x 2 )ν 1 Γ(ν) ∫ ∞ a Q^{4+γ}_x [ exp(− λ^2 2 ∫ a 0 X_udu) | | | | X_t = 0 ] e^{− x}2t t^{ν+1} dt .

Extension

Now we extend the results for squares of Bessel processes with negative dimensions to a wider class of processes. We generalize the definition of a squared δ-dimensional radial Ornstein-Uhlenbeck process with parameter −λ and starting point z in (1.1), by considering arbitrary δ, z ∈ IR.

Definition 4 The solution to the stochastic differential equation

dX_t = (a + b X_t) dt + 2 √ |X_t| dW_t, X_0 = x , (2.6)

where a, b, x ∈ IR and {W_t} is a one-dimensional Brownian motion, is called a squared radial Ornstein–Uhlenbeck process.

In the following, we consider the case a < 0 and x > 0 which corresponds for b = 0 to a BESQ^a_x process with negative dimension a. We call^bQ^a_x the law on C(IR_+, IR) and for b = 0, as before, simply Q^a_x. Via Girsanov transformation we obtain the relationship

Lemma 1 bQ^a_x | | Ft = exp [ b 2 ∫ t 0 σ(X_s) dW_s − b^2 8 ∫ t 0 |X_s| ds ] Q^a_x|_{Ft} , (2.7)

where σ(x) = √ |x| sgn (x). Proof: Consider the Q^a_x-process dX_t = a dt + 2 √ |X_t| dW_t , X_0 = x . Via Girsanov’s theorem W̃_t = W_t −^b_2 ∫ t 0 sgn (X_s) √ |X_s| ds is a Brownian motion under the absolutely continuous probability with density

D_t ≡ exp [ b 2 ∫ t 0 sgn (X_s) √ |X_s| dW_s − b^2 8 ∫ t 0 |X_s| ds ] , with respect to Q^a_x, from which the result follows. 2 We may also write the stochastic integral ∫ t 0 sgn (X_s) √ |X_s| dW_s in a simpler form, since we have from Itô’s formula: |X_t| = |x| + ∫ t 0 sgn (X_s) (a ds + 2 √ |X_s| dW_s) + L^0_t (X) ,

where L^0_t (X) is the semimartingale local time of X in 0. For L^0_t (X) we obtain:

L^0_t (X) = lim_{ε↓0} 1 ε ∫ t 0 1_{[0,ε]}(X_s) d⟨X, X⟩_s ([30], p.212, Cor. 1.9)

= lim_{ε↓0} 4 ε ∫ t 0 |X_s| 1_{[0,ε]}(X_s) ds ≤ lim_{ε↓0} ( 4 ∫ t 0 1_{[0,ε]}(X_s) ds ) = 0 .

Hence we have ∫ t 0 sgn (X_s) √ |X_s| dW_s = 1 2 [ |X_t| − |x| − a ∫ t 0 sgn (X_s) ds ] . Thus, (2.7) takes the form bQ^a_x Q^a_x | | | | | Ft ≡ exp [ b 4 ( |X_t| − |x| − a ∫ t 0 sgn (X_s) ds ) − b^2 8 ∫ t 0 |X_s| ds ] . (2.8)

Now we can apply formula (2.8) to obtain some conditional expectation formula:

bq^a_t (x, y) = q^a_t (x, y) exp ( b 4 (|y| − |x|) )

·Q^a_x [ exp ( − ab 4 ∫ t 0 sgn(X_s) ds − b^2 8 ∫ t 0 |X_s| ds )| | | | X_t = y ] .(2.9)

The case y > 0 corresponds to t < T_0, and y ≤ 0 to t ≥ T_0. For y > 0, (2.9) reduces to

bq^a_t (x, y) = q^a_t (x, y) exp ( b 4 (y − x) − abt 4 )

· Q^a_x [ exp ( − b^2 8 ∫ t 0 X_s ds ) | | | | X_t = y ] .

Using the time-space transformation from a BESQ^a process (X^a_t ) to a squared radial Ornstein–Uhlenbeck process (^bX^a_t ) bX^a_t = e^{bt} X^a(_{1−e}−bt b ) , we also have together with the relationship (2.9) the following bq^a_t (x, y) = e^{−bt}q^a(_{1−e}−bt b ) (x, e^{−bt}y) , (2.10)

from which^bq^a_t (x, y) is obtained since we know q^a_t (x, y), see (2.5). Hence we know the conditional expectation Q^a_x [. . . |X_t = y] in formula (2.9).

Chapter 3

Time reversal

In the previous chapters we used results on time reversed diffusions as an essential tool, e.g. in the first chapter as for the distribution of first hitting times by Bessel processes, or in Chapter 2 as for the transition densities of BESQ processes with negative dimensions. In this chapter we investigate these time reversal results more deeply. As for time reversal we refer to Nagasawa [22, 23] and Revuz–Yor [30], Chapter VII. First, some results on time reversed diffusions in general are reviewed. In section 3.1 we study Doob’s htransform and consider some applications. Using these results, in section 3.2 we check a time reversal theorem by Elworthy–Li–Yor [6], and based on this theorem, we introduce a three-parameters-family of processes in section 3.3. Consider a transient diffusion (X_t), living on IR_+, with X_0 = x_0 ≥ 0. Denote its last exit time of a ≥ 0 by L_a = sup{u | X_u = a}, where sup ∅ = 0. For a fixed, L_a is finite a.s., and for x_0 < a, L_a > 0 a.s. We want to identify the time reversed process (X̃_t), where X̃_t(ω) ≡ { X_{La(ω)−t}(ω) , if 0 < t < L_a(ω) , ∂ if L_a(ω) ≤ t or L_a(ω) = ∞ ,

(3.1)

where ∂ denotes the cemetary, and X̃_0(ω) = X_{La(ω)}(ω), if 0 < L_a(ω) < ∞, else X̃_0(ω) = ∂. We remark that a diffusion cannot only be time reversed at a last exit time, but more generally at a cooptional time, see Nagasawa [22, 23], Revuz–Yor [30], Chapter VII.4. For our purposes it is reasonable to restrict ourselves to last exit times.

We will need the following (see also Itô–McKean [13], p. 149ff)

Lemma 2 Let (p_t) be the transition density of a diffusion (X_t) with respect to the speed measure m. Then we have for all x, y the symmetry p_t(x, y) = p_t(y, x) .

Proof: Let A denote the infinitesimal generator of the diffusion and let the functions ψ_α and ϕ_α be the fundamental solutions of the generalized differential equation Au = αu, α > 0 . Call f^+ the right derivative of a function f with respect to the scale function s of the diffusion, f^+(x) = lim_{h↓0} f(x + h) − f(x) s(x + h) − s(x) . Then the so called Wronskian w_α is defined as

w_α = ψ^+_α (x)ϕ_α(x) − ψ_α(x)ϕ^+_α (x)

and is independent of x. The function g_α(x, y) ≡ ∫ ∞ 0 e^{−αt}p_t(x, y) dt (3.2) is called the Green function and g_α(x, y) = { w^{−1}_α ψ_α(x)ϕ_α(y), x ≤ y, w^{−1}_α ψ_α(y)ϕ_α(x), x ≥ y. (3.3)

We obtain g_α(x, y) = g_α(y, x), and hence, from the injectivity of the Laplace transform the result follows. 2 Furthermore, some assumptions and notations are needed. Call (P_t) the semigroup of (X_t). The time reversed process (X̃_t) is a Markov process (see Nagasawa [22] and [23], III.3.2, p. 66ff) and we call its semigroup (P̃_t). The resolvent G_α of order α, α > 0, of the semigroup (P_t), and its analog G̃_α for (P̃_t), is G_α(f)(x) = ∫ ∞ 0 e^{−αt} P_tf(x) dt , for all positive Borel functions f. The semigroup (P_t) has a transition density (p_t) with respect to the speed measure m: P_t(x, dy) = p_t(x, y) m(dy) (see Itô– McKean [13], p. 149ff). We have

G_α(f)(x) = ∫ ∞ 0 e^{−αt}P_tf(x) dt = ∫ ∞ 0 e^{−αt} (∫ p_t(x, y)f(y) m(dy) ) dt = ∫ g_α(x, y)f(y) m(dy), for all positive Borel functions f, with g_α in (3.2). G_0 is the potential kernel of X, and we assume that there is a probability measure μ such that the potential ν = μ G_0 is a Radon measure, and additionally, that the resolvents G̃_α and G_α are in duality with respect to ν, that is ⟨G_αf, g⟩_ν = ⟨f, G̃_αg⟩_ν , for all α > 0 and for all positive Borel functions f and g. Then we have the duality between the semigroups (P_t) and (P̃_t): ⟨P_tf, g⟩_ν = ⟨f, P̃_tg⟩_ν (3.4) for all positive Borel functions f and g, see Nagasawa [23], §3.2, Revuz–Yor [30], Th. 4.5, p. 292. From

μ G_0(A) = ∫ G_0(x, A)μ(dx) = ∫ A (∫ g_0(x, y)μ(dx) ) m(dy), for every Borel set A, we obtain ν = μ G_0 ≪ m. With the notation h(y) ≡ d(μ G_0) dm (y) = ∫ g_0(x, y) μ(dx) (3.5) for m-almost all y we have ⟨P_tf, g⟩_ν = ∫ (∫ f(y) p_t(x, y) m(dy) ) g(x)h(x)m(dx) = ∫ ( 1 h(y) ∫ g(x)h(x) p_t(x, y)m(dx) ) f(y)h(y) m(dy) = ∫ 1 h(y) P_t(gh)(y) f(y)h(y) m(dy) , by Lemma 2, and from duality (3.4) we deduce P̃_tg(x) = 1 h(x) P_t(gh)(x) (3.6) for m-almost all x.

We state a time reversal result proven with the results above (see Sharpe [33], Getoor–Sharpe [9]), which was a useful tool in the previous chapters. Theorem 2 For X a transient diffusion, living on IR_+, starting at 0, X̃ the time reversed process (3.1), starting at a, and T_0 ≡ inf{u|X̃_u = 0} we have {X_u, u ≤ L_a}^{(law)}= {X̃_{T0−u}, u ≤ T_0} . (3.7)

This implies that the law of L_a for the process X starting at 0 is identical to the law of T_0 for the process X̃ starting at a.

We want to derive a more explicit formula for h in (3.5). We know, see (1.22):

P_{x0} (L_a ∈ dt) = − 1 2s(a) p_t(x_0, a) dt , (3.8)

where X_0 = x_0, and s is the scale function with lim_{y↓0} s(y) = −∞ and s(∞) = 0. Consider the two cases x_0 ≤ a and x_0 > a. If x_0 ≤ a, then − 1 2 s(a) ∫ ∞ 0 p_t(x_0, a) dt = 1 ,

hence −2 s(a) = g_0(x_0, a). If x_0 > a, then the law of L_a has mass at 0

P_{x0} (L_a = 0) = P_{x0} (T_a = ∞) = 1 − s(x_0) s(a) , hence, P_{x0} (0 < L_a) = − 1 2s(a) ∫ ∞ 0 p_t(x_0, a) dt = s(x_0) s(a) , and −2 s(x_0) = g_0(x_0, a). We conclude g_0(x_0, a) = −2 s(x_0∨a) (3.9) for x_0, a ∈ IR^+ arbitrary.

Now, assume x_0 = 0, that is, the transient process (X_t) starts at 0 and μ is the Dirac measure at 0. Then from (3.5) and (3.9) we obtain h(a) = g_0(0, a) = −2 s(a). (3.10)

As we will see in the next section, the process (X̃_t) is the Doob’s h-transform of (X_t).

3.1 Doob’s h-transform

Consider a one-dimensional diffusion X, with sample space (I^{∂,∞}, F^c_∞), where I ⊆ [−∞, ∞], ∂ denotes the cemetary and I^{∂,∞} := {ω : [0, ∞) → I ∪ {∂}}, F^c_∞ := σ{ω(t)| t ≥ 0}. Definition 5 A non-negative measurable function h : I → IR∪{∞} is called α-excessive, α ≥ 0, for X, if a) e^{−αt}E_x(h(X_t)) ≤ h(x), for all x ∈ I, t ≥ 0,

b) e^{−αt}E_x(h(X_t)) → h(x), for all x ∈ I as t ↓ 0.

A 0-excessive function is simply called excessive.

Let h be an α-excessive function for a diffusion X. The life time of a path ω ∈ I^{∂,∞} is defined by ζ(ω) := inf{t | ω_t = ∂}. We construct a new probability measure P^h by P^h_x | | | Ft = e^{−αt} h(ω(t)) h(x) P_x|_{Ft} , (3.11)

for t < ζ and x ∈ I. The process under the new measure P^h is a regular diffusion and is called Doob’s h-transform of X. Examples of α-excessive functions are ψ_α and ϕ_α, see Lemma 2, and g_α(x, ·), see (3.2). We remark, that all α-excessive functions h (except for h ≡ 0 or h ≡ ∞) can be expressed in terms of a linear combination of these three functions. As an application we consider a Doob’s h-transform (3.11) with the excessive function h in (3.10) for the transient diffusion X. As seen in (3.11) the factor −2 cancels, so we simply consider h ≡ s, with s the scale function of X. Let us denote the probability measure associated to X by P^{(↑)}. We obtain: The Doob’s h-transform of the transient diffusion X with h ≡ s the scale function of X, that is, the process under the new measure P^h, is a process which reaches 0 almost surely. For clarity we write P^{(0)} ≡ P^h. With this notation we have

P^{(↑)}_x | | | Ft = ( 1 s ) (X_{t∧T0} ) ( 1 s ) (x) P^{(0)}_x | | | Ft . (3.12)

Note that we obtain

s (X_t) s(x) P^{(↑)}_x | | Ft ≡ 1_{(t<T0)} P^{(0)}_x | | Ft , and hence,

Q^{(0)}_t f(x) ≡ 1 s(x) E_x [(fs)(X_t)] ≡ 1 s(x) P^{(↑)}_t (fs)(x) , (3.13)

is the semigroup of the process under P^{(0)} killed when it reaches 0. In other words, we have the following time reversal result: the Doob’s h-transform of the transient process under P^{(↑)} with h = s is the process under P^{(0)} killed at T_0; this is the process X̃ in our former notation.

From formula (3.12) we can obtain explicit formulae of the diffusion processes via Girsanov’s theorem. Assume, a process (X_t) under P^{(0)}_x has the form

X_t = x + ∫ t 0 b(X_s) ds + ∫ t 0 a(X_s) dB_s, t ≤ T_0 . Via Girsanov’s theorem we have with (3.12)

B_t = ∫ t 0 ( 1 s )′ (X_u) ( 1 s ) (X_u) du + B̂_t = ∫ t 0 − ( s^′ s ) (X_u) du + B̂_t ,

where (B̂_t) is Brownian motion under P^{(↑)}_x . Hence, the process under P^{(↑)}_x has the form

X_t = x + ∫ t 0 ( b − ( a s^′ s )) (X_u) du + ∫ t 0 a(X_u) dB̂_u . Note, that if we assume, a process (X_t) under P^{(↑)}_x has the form

X_t = x + ∫ t 0 β(X_u) du + ∫ t 0 α(X_u)dB̂_u , then analogously we obtain that the process under P^{(0)}_x has the form

X_t = x + ∫ t 0 ( β + ( α s^′ s )) (X_u) du + ∫ t 0 α(X_u) dB_u, t ≤ T_0 .

Let A^{(0)} resp. A^{(↑)} denote the infinitesimal generator of the process under P^{(0)} resp. P^{(↑)}. If we want to avoid a Girsanov argument, we can compute the infinitesimal generator of the time-reversed process from (3.13)

A^{(0)}(f) = 1 h A^{(↑)}(hf) , with h the scale function of X^{(↑)}. The term A(hf) can be written as A(hf) = hA(f) + fA(h) + Γ(h, f) , where Γ is the ’Opérateur Carré du Champ’, see Kunita [17] and Revuz– Yor [30], p. 326. For instance, if the infinitesimal generator takes the form A(f) =^1_2 f^{′′} + bf^′, then Γ(f, g) = f^′g^′ for f, g ∈ C^2.

3.2 Checking a time reversal theorem in Elworthy{Li{Yor

As an application of the previously stated results, we want to check Theorem 3.7 in Elworthy–Li–Yor [6]. Let^{−λ}P^δ_x denote the law of a δ-dimensional radial Ornstein–Uhlenbeck process with parameter −λ, starting in x. We have the following time reversal result:

Theorem (Elworthy–Li–Yor, [6]): Let λ ≥ 0 and δ > 2. For every bounded measurable function F on path space, λE^δ_0 [F (Y_{La−t}, t ≤ L_a)] = 1 g(a) −λE^{(4−δ)}_a [F (Y_t, t ≤ T_0) e^{−2λT0} ] , (3.14)

where g(a) =^{−λ} E^{(4−δ)}_a (e^{−2λT0} ).

Let (R_t) be a radial Ornstein–Uhlenbeck process with law^λP^δ_0 and denote by σ its scale function and by A its infinitesimal generator. We know that the infinitesimal generator of the time-reversed process is 1 σ A(σf) = 1 σ [σA(f) + fA(σ) + Γ(σ, f)] = A(f) + 1 σ Γ(σ, f) = A(f) + σ^′ σ f^′ . (3.15)

Let us check whether this is coherent with Theorem 3.7. From λE^δ_0 [F (Y_{La−t}, t ≤ L_a)] = 1 g(a) −λE^{(4−δ)}_a [F (Y_t, t ≤ T_0) e^{−2λT0} ]

≡ Ê_a[F (Ŷ_t, t ≤ T̂_0)]

we obtain P̂_a | | | Ft = D_t ·^{−λ}P^{(4−δ)}_a | | | Ft , (3.16) with D_t ≡ g(Y_{t∧T0} ) g(a) e^{−2λ(t∧T0)} . Writing the process (Y_t, t ≤ T_0) simply as

Y_t = ∫ t 0 b(Y_s)ds + B_t , where B is Brownian motion under^{−λ}P^{(4−δ)}_a , then we obtain by Girsanov’s theorem Y_t = ∫ t 0 ( b + g^′ g ) (Y_s) ds + B̂_t , where B̂ is Brownian motion under P̂_a. Let A^∗ denote the infinitesimal generator of the process (Y_t) under^{−λ}P^{(4−δ)}_a . We have for the new infinitesimal generator Â of the process (Ŷ_t) under P̂_a: Â(f) = A^∗(f) + g^′ g f^′ . Now, all we have to show is (see (3.15)) A(f) + σ^′ σ f^′ = A^∗(f) + g^′ g f^′ , that is, we have to identify the drift coefficients: δ − 1 2r + λr + σ^′ σ = 3 − δ 2r − λr + g^′ g . (3.17) The problem is that we do not know g explicitly. But since D_t is a martingale, the following two lemmas will help us.

Lemma 3 g(Y_t) e^{−2λt} is a^{−λ}P^{(4−δ)}_a martingale iff g ∈ D(A) and A(g) = 2λg. Proof: If g(Y_t)e^{−2λt} is a martingale, then P_hg(Y_t)e^{−2λ(t+h)} −g(Y_t)e^{−2λt} = 0 for all h > 0, hence e^{−2λt}P_tg(x) = g(x) with Y_0 = x and we have^d_{dt} P_tg(x)|_{t=0} = 2λg(x), that is g ∈ D(A). For g ∈ D(A), the process M^g_t = g(Y_t) − g(Y_0) − ∫ t 0 Ag(Y_s)ds is a martingale, see Revuz–Yor [30] Prop.7.1.6. By Itô’s lemma we obtain g(Y_t)e^{−2λt} = ∫ t 0 e^{−2λs}d(g(Y_s)) − 2λ ∫ t 0 e^{−2λs}g(Y_s)ds . With the notation: U ∼ V ⇔ U_t − V_t is a martingale, we obtain: g(Y_t)e^{−2λt} ∼ ∫ t 0 e^{−2λs}(Ag)(Y_s)ds − 2λ ∫ t 0 e^{−2λs}g(Y_s)ds , and the claim follows. 2

Lemma 4 (^g_σ )(Y_t)e^{−2λt} is a martingale under^{−λ}P^{(4−δ)}_a .

Proof: Consider the Doob’s h-transform of the process under^λP^δ_0 with h = σ its scale function, or put differently (see (3.12)) λP^δ_0 | | | Ft = M_t · P̂_a | | | Ft , where M_t ≡ ( 1 σ ) (Ŷ_{t∧T0} ) ( 1 σ ) (a) is a martingale (with respect to P̂_a). Together with (3.16) we know, M_t is a martingale under P̂_a if and only if M_tD_t is a martingale under^{−λ}P^{(4−δ)}_a , that is ((^1_σ )g)(Y_t)e^{−2λt} is a martingale under^{−λ}P^{(4−δ)}_a . 2

We deduce A^∗(g) = 2λg and A^∗(^g_σ ) = 2λ(^g_σ ). From A^∗ ( g σ ) = gA^∗ ( 1 σ ) + 1 σ A^∗(g) − σ^′ σ^2 g^′ we obtain with^1_σ A^∗(g) = 2λ^g_σ = A^∗(^g_σ ) gA^∗ ( 1 σ ) = σ^′ σ^2 g^′ . (3.18)

By Itô’s lemma we have A(f(u)) = 1 2 f^{′′}(u)(u^′)^2 + f^′(u)A(u)

and hence A^∗ ( 1 σ ) = (σ^′)^2 σ^3 − 1 σ^2 A^∗(σ) . Together with (3.18) we have σ^′ σ − 1 σ^′ A^∗(σ) = g^′ g , from which we obtain g(r) = c σ(r) √ σ^′(r) r−^{3−δ}2 e^λ2 r^2 ,

with a constant c > 0. Our aim is to derive (3.17), that is, A^∗(σ) σ^′ = 3 − δ 2r − δ − 1 2r − 2λr , and since A^∗(σ) = (^{3−δ}_{2r} − λr)σ^′ +^1_2 σ^{′′}, it remains to show 1 2 σ^{′′} σ^′ = − δ − 1 2r − λr . (3.19)

Remember, σ is the scale function of (R_t). Let b^R denote the drift of (R_t)

b^R(r) = δ − 1 2r + λr , then b^Rσ^′ +^1_2 σ^{′′} = 0 and hence (3.19).

3.3 The three-parameters-family of processes with law^λP^{δ,μ}

Based on Theorem 3.7 in Elworthy–Li–Yor [6] (see here p. 28) we introduce a three-parameters-family of processes. From (3.14) we deduce λE^δ_0 [F (Y_{La−t}, t ≤ L_a) e^{− μ22 La} ] = 1 g(a) −λE^{(4−δ)}_a [F (Y_t, t ≤ T_0) e^{−(2λ+ μ22 )T0} ] ,

where λ ≥ 0, δ > 2, μ ≥ 0 and g(a) =^{−λ}E^{(4−δ)}_a (e^{−2λT0} ), and with the notation 2θ ≡ 2λ +^{μ2}_2 we have 1 g_θ(a) −λE^{(4−δ)}_a [F (Y_t, t ≤ T_0) e^{−2θT0} ] = g(a) g_θ(a) λE^δ_0 [F (Y_{La−t}, t ≤ L_a) e^{− μ22 La} ] , where g_θ(a) =^{−λ}E^{(4−δ)}_a (e^{−2θT0} ). This motivates us to define a three-para-meters-family of diffusion processes with laws^λP^{δ,μ}_0 as λP^{δ,μ}_0 | | | Ft = ψ(Y_t) ψ(0) e^{− μ22 t} ·^λP^δ_0 | | | Ft , or more generally for arbitrary x ≥ 0 λP^{δ,μ}_x | | | Ft = ψ(Y_t) ψ(x) e^{− μ22 t} ·^λP^δ_x | | | Ft for some increasing function ψ and Aψ =^{μ2}_2 ψ, ψ ∈ C^2, where A is the infinitesimal generator of^λP^δ_x . Indeed, with Itô’s formula we see that^{ψ(Yt)}_{ψ(x)} e^{− μ2}2^t is a martingale with respect to^λP^δ_x and (F_t).

First, let us consider the case λ = 0 where we simply write P^{δ,μ}_x and P^δ_x instead of^0P^{δ,μ}_x and^0P^δ_x , P^{δ,μ}_x | | | Ft = ψ(Y_t) ψ(x) e^{− μ22 t} · P^δ_x | | | Ft . (3.20)

By means of the optional stopping theorem (see Revuz–Yor [30] § 2.3, p. 65) we obtain ψ(a) ψ(x) E^δ_x[e^{− μ22 Ta} ] = 1 . (3.21)

For ν =^δ_2 − 1 > −1, ∞ > a > x > 0 and μ > 0 we know (see e.g. Kent [16] Th. 3.1, Pitman–Yor [27] Prop. 2.3)

E^δ_x[e^{− μ22 Ta} ] = ( a x )ν I_ν(μx) I_ν(μa) , thus we have ψ(a) = I_ν(μa) a^ν , (3.22) and ψ(0) = lim_{ε↓0} I_ν(με) ε^ν = ( μ 2 )ν Γ^{−1}(ν + 1) .

(P^{δ,μ}_x ) is the family of laws of a diffusion with infinitesimal generator 1 2 D^2 + ( ψ^′ ψ + δ − 1 2y ) D Watanabe [36] calls a diffusion process determined by such an infinitesimal generator a Bessel diffusion process in the wide sense with index (δ,^{μ2}_2 ). These diffusions arise as the Euclidian norm of a δ-dimensional Brownian motion with vector drift starting in zero. Denoting the norm of δ-dimensional Brownian motion with drift starting at a nonzero vector by R_t, we remark that R_t is not a Markov process, whereas (R_t, ∫ t 0 ds R2_s ) has the Markovian property (see

Pitman–Yor [27, 28] or Rogers–Pitman [32]). From (3.22) we have ψ^′ ψ (y) = μ I_{ν+1}(μy) I_ν(μy) . (3.23)

For example, in the case δ = 3 we obtain by (3.22) ψ(a) ψ(x) = sinh(μa) x a sinh(μx) and ψ(a) ψ(0) = sinh(μa) μa . (3.24)

Hence, (P^{3,μ}) is the family of laws of a diffusion with infinitesimal generator 1 2 D^2 + 1 y D + (μ coth(μy) − 1 y )D = 1 2 D^2 + μ coth(μy)D .

This diffusion is the radial part of hyperbolic Brownian motion in dimension 3 (see Rogers–Pitman [32], Gruet [11]). As will be discussed below, see p. 34, the reversed process at L_a is Brownian motion with drift (−μ) killed the first time it reaches zero.

Furthermore, we know, see Yor [40] p. 55,

Theorem 3 Consider two transient diffusions with laws P_x and Q_x such that Q_x|_{Ft} = D_t · P_x|_{Ft} . Then Q_x|_{FLa} = (h(a)D_{La} ) · P_x|_{FLa} , where h(a) =^{σ′(a)}_{σ(a)}^{s(a)}_{s′(a)}^{α(a)}_{β(a)} ; σ and s denote the respective scale functions for Q_x and P_x and α and β are the respective diffusion coefficients for Q_x and P_x.

Continuing our discussion we apply Theorem 3 to (3.20). With D_t ≡ ψ(Y_t) ψ(x) e^{− μ22 t} we deduce from h(a) ψ(a) ψ(x) E^δ_x(e^{− μ22 La} ) = 1 (3.25)

the equality E^{δ,μ}_x [F (Y_{La−t}, t ≤ L_a)] = (E^δ_x(e^{− μ22 La} ))^{−1} E^δ_x[F (Y_{La−t}, t ≤ L_a) e^{− μ22 La} ] , where for δ > 2 arbitrary and for x > 0

E^δ_x(e^{− μ22 La} ) = 2ν ( a x )ν I_ν(μ(x ∧ a))K_ν(μ(x ∨ a)) , see e.g. Pitman–Yor [27], p. 330, (7.ẽ), and where (see (1.9))

E^δ_0 (e^{− μ22 La} ) = (μa)^νK_ν(μ a) 2^{ν−1}Γ(ν) .

Note that by means of (3.25) we obtain for x = a

E^δ_a(e^{− μ22 La} ) = (h(a))^{−1} .

For instance, for the case δ = 3 and x = 0 we have D_t ≡ ( sinh(μY_t) μY_t ) e^{− μ22 t} , and obtain E^{3,μ}_0 [F (Y_{La−t}, t ≤ L_a)] = e^{μa} E^3_0 [F (Y_{La−t}, t ≤ L_a) e^{− μ22 La} ] , since, see also (1.11), E^3_0 (e^{− μ22 La} ) = e^{−μa} .

Now let us look at the diffusion process with law P^{3,μ}_0 time-reversed at L_a. As we remarked above (see p. 33) it will turn out that this is Brownian motion with drift. Let P^0_x denote the law of Brownian motion and P^3_x the law of a 3-dimensional Bessel process starting in x > 0. From Doob’s h-transform (3.12) we know

P^3_x | | | Ft = X_{t∧T0} x · P^0_x | | | Ft , and together with (3.20) and (3.24) we have P^{3,μ}_x | | | Ft = sinh(μX_{t∧T0} )

sinh(μx) e^{− μ22 (t∧T0)} · P^0_x | | | Ft . (3.26)

Let P^{(0)(ν)}_x denote the law of Brownian motion with drift ν < 0. Its scale function s is s(x) = 1 2ν (1 − e^{−2νx}) . Via Doob’s h-transform (3.12) we have

P^{(↑)(ν)} x | | | Ft = e^{−2νXt∧T}0 − 1 e^{−2νx} − 1 · P^{(0)(ν)}_x | | | Ft . The Doob’s h-transform (3.11) of Brownian motion with h(x, t; ν) ≡ e^{νx− ν2}2^t is identical in law to Brownian motion with drift ν, see e.g. Revuz–Yor [30], VIII.3, p. 327, or Borodin–Salminen [2], IV.28, that is

P^{(0)(ν)} x | | | Ft = e^{νXt∧T}0^{− ν2}2^{(t∧T0)} e^{νx} · P^{(0)}_x | | | Ft . (3.27)

And finally, since

sinh(μX_{t∧T0} ) sinh(μx) e^{− μ22 (t∧T0)} = e^{2μXt∧T}0 − 1 e^{2μx} − 1 e^{−μXt∧T}0^{− μ2}2^{(t∧T0)} e^{−μx} , we obtain from (3.26) and from (3.27) with ν = −μ P^{3,μ}_x | | | Ft = e^{2μXt∧T}0 − 1 e^{2μx} − 1 · P^{(0)(−μ)} x | | | Ft , this means, a diffusion process with law P^{3,μ} time-reversed is a Brownian motion with drift (−μ) killed the first time it reaches zero. So far, we treated the case λ = 0 in full generality and as an application looked at the case δ = 3. Now let us consider the general case λ ≥ 0, i.e. we want to determine a^λP^δ_x -martingale D_t with λP^{δ,μ}_x | | | Ft = D_t ·^λP^δ_x | | | Ft . We know for λ = 0 (see (3.20)) P^{δ,μ}_x | | | Ft = ψ(Y_t) ψ(x) e^{− μ22 t} · P^δ_x | | | Ft , (3.28)

with ψ in (3.22) and via Girsanov’s theorem we know λP^δ_x | | | Ft = exp {∫ t 0 λY_sdW_s − λ^2 2 ∫ t 0 Y^2_s ds } · P^δ_x | | | Ft . (3.29)

In order to obtain D_t, first we write the P^δ_x -martingale^{ψ(Yt)}_{ψ(x)} e^{− μ2}2^t in (3.28) in a different form. We will tackle this problem more generally. Let us assume, that H_t is a continuous, strictly positive semimartingale, and A_t is a continuous process with bounded variation such that H_te^{−At} is a local martingale. We will write H_te^{−At} in a different way. The continuous semimartingale H_t can be decomposed uniquely

H_t = m_t + a_t , (3.30)

where m is a continuous local martingale and a a continuous adapted process of finite variation. With Itô’s lemma we obtain

H_te^{−At} = exp{ln H_t − A_t}

= exp {∫ t 0 dH_s H_s − 1 2 ∫ t 0 d⟨H, H⟩_s H^2_s − A_t } , where the process ⟨H, H⟩ is the quadratic variation of H. With (3.30) and since ⟨H, H⟩ = ⟨m, m⟩ we obtain

H_te^{−At} = exp {∫ t 0 dm_s H_s − 1 2 ∫ t 0 d⟨m, m⟩_s H^2_s + ∫ t 0 da_s H_s − A_t } . Since H_te^{−At} is a martingale, or equivalently ∫ t 0 e^{−As} da_s − ∫ t 0 dA_s ds e^{−As} H_sds = 0 (see also the proof of Lemma 3), finally we have

H_te^{−At} = exp {∫ t 0 dm_s H_s − 1 2 ∫ t 0 d⟨m, m⟩_s H^2_s } . (3.31)

Denoting M_t ≡ ∫ t 0 dms Hs , equation (3.31) has the simple form

H_te^{−At} = exp { M_t − 1 2 ⟨M, M⟩_t } . (3.32)

For example in the case δ = 3, x = 0, we obtain

sinh(μY_t) μY_t e^{− μ22 t} = exp {∫ t 0 (μ coth(μY_s) − 1 Y_s )dW_s − 1 2 ∫ t 0 (μ coth(μY_s) − 1 Y_s )^2ds } . With the notation N_t ≡ ∫ t 0 λY_sdW_s, equation (3.29) can be written as λP^δ_x | | | Ft = exp { N_t − 1 2 ⟨N, N⟩_t } · P^δ_x | | | Ft , and hence, together with (3.32) we have

D_t = exp { M_t + N_t − 1 2 ⟨M + N, M + N⟩_t } . In the case δ = 3, x = 0, we obtain

D_t = exp {∫ t 0 (μ coth(μY_s) − 1 Y_s + λY_s)dW_s − 1 2 ∫ t 0 (μ coth(μY_s) − 1 Y_s + λY_s)^2ds } , and the infinitesimal generator of the diffusion process under^λP^{3,μ}_x is 1 2 D^2 + (μ coth(μy) + λy) D .

For arbitrary δ > 0 analogous calculations together with (3.23) lead to

D_t = exp {∫ t 0 (μ I_{ν+1}(μY_s) I_ν(μY_s) + λY_s) dW_s − 1 2 ∫ t 0 (μ I_{ν+1}(μY_s) I_ν(μY_s) + λY_s)^2 ds } , and the infinitesimal generator of the diffusion process under^λP^{δ,μ}_x is 1 2 D^2 + ( μ I_{ν+1}(μy) I_ν(μy) + δ − 1 2y + λy ) D , and hence, we described the three-parameters-family of diffusion processes with law^λP^{δ,μ} in full generality. We remark that this family of diffusion processes is closely related with Ornstein–Uhlenbeck processes built from Brownian motion with drift.

Bibliography

[1] L. Breiman, 1967, First Exit Times from a Square Root Boundary, Fifth Berkeley Symposium, Vol. 2, Part 2, 9–16.

[2] A.N. Borodin and P. Salminen, 1996, Handbook of Brownian Motion – Facts and Formulae, Probability and Its Applications, Birkhäuser Verlag Basel Boston Berlin.

[3] M. Chesney, H. Geman, M. Jeanblanc-Picqué and M. Yor, 1997, Some Combinations of Asian, Parisian and Barrier Options, to appear in Publications of the Newton Institute.

[4] J.C. Cox, J.E. Ingersoll, Jr., and S.A. Ross, 1985, A Theory of the Term Structure of Interest Rates, Econometrica, Vol. 53, No. 2.

[5] Doob,

[6] K.D. Elworthy, X.M. Li and M. Yor, 1996, Two papers on: Strictly local martingales. 2.: The importance of strictly local martingales: Applications to radial Ornstein-Uhlenbeck processes, Prépublication No 346 du Laboratoire de Probabilités de l’Université Paris VI.

[7] H. Geman and M. Yor, 1993, Bessel Processes, Asian Options, and Perpetuities, Mathematical Finance, Vol. 3, No. 4, 349–375.

[8] H. Geman and M. Yor, 1996, Pricing and Hedging Double-Barrier Options: A Probabilistic Approach, Mathematical Finance, Vol. 6, No. 4, 365–378.

[9] R.K. Getoor and M.J. Sharpe, 1979, Excursions of Brownian Motion and Bessel Processes, Z.W. 47, 83–106.

[10] R.K. Getoor, 1979, The Brownian Escape Process, Ann. Prob., Vol. 7, No. 5, 864–867.

[11] J.-C. Gruet, 1996, Semi-groupe du Mouvement Brownien Hyperbolique, Stochastics and Stochastics Reports, Vol. 56, 53–61.

[12] M.E.H. Ismail and D.H. Kelker, 1976, The Bessel Polynomials and the Student t Distribution, SIAM J. On Math. Anal., Vol. 7, No. 1, 82–91.

[13] K. Itô and H.P. McKean, Jr., 1996, Reprint of the 1974 Edition, Diffusion Processes and their Sample Paths, Springer-Verlag Berlin Heidelberg.

[14] T. Jeulin, 1980, Semi-Martingales et Grossissement d’une Filtration, LNM 833, Springer-Verlag Berlin Heidelberg.

[15] Karlin, S. and H.M. Taylor, A Second Course in Stochastic Processes, Academic Press, 1981.

[16] J. Kent, 1978, Some Probabilistic Properties of Bessel Functions, Ann.

Prob., Vol. 6, No. 5, 760–770.

[17] H. Kunita, 1969, Absolute Continuity of Markov Processes and Generators, Nagoya Math. J. 36, 1–26.

[18] Lamberton, D. and B. Lapeyre, Introduction to Stochastic Calculus Applied to Finance, Chapman & Hall, 1996.

[19] Lamperti, J., 1972, Semi-Stable Markov Processes I, Z. W. 22, 205-225.

[20] N.N. Lebedev, 1972, Special functions and their applications, Dover Publications, New York, Translated and edited by Richard A. Silverman.

[21] P.W. Millar, 1977, Random Times and Decomposition Theorems, Proc.

Symp. Pure Mathematics, Vol. 31, 91–103.

[22] M. Nagasawa, 1964, Time Reversion of Markov Processes, Nagoya Mathematical Journal, Vol. 24, 177–204.

[23] M. Nagasawa, 1993, Schrödinger Equations and Diffusion Theory, Monographs in Mathematics; Vol. 86, Birkhäuser Verlag Basel Boston Berlin.

[24] A.A. Novikov, 1981, A martingale approach to first passage problems and a new condition for Wald’s identity, Stochastic differential systems (Visegrád, 1980), Lecture Notes in Control and Information Sci., Springer-Verlag Berlin–New York, Vol. 36, pp. 146-156.

[25] A.A. Novikov, 1983, A martingale approach in problems on first crossing time of nonlinear boundaries, Proc. of the Steklov Institute of Mathematics, Issue 4, pp. 141-163.

[26] A.A. Novikov, 1994, Limit theorems for the first passage time of autoregression process over a level, Proc. of the Steklov Institute of Mathematics, Issue 4, pp. 169-186..

[27] J. Pitman and M. Yor, 1980, Bessel Processes and Infinitely Divisible Laws, LNM 851: Stochastic Integrals, Springer-Verlag Berlin Heidelberg, 285–370.

[28] J. Pitman and M. Yor, 1981, Inversion du temps et processus de Bessel, Working paper.

[29] J. Pitman and M. Yor, 1982, A decomposition of Bessel bridges, Z. W.

59, 425–457.

[30] D. Revuz and M. Yor, 1991, Continuous Martingales and Brownian Motion, first ed., Springer-Verlag Berlin Heidelberg.

[31] L.C.G. Rogers, 1995, Which model for term-structure of interest rates should one use?, The IMA Volumes in Mathematics and its Applications, Springer-Verlag New York, Vol. 65, 93–115.

[32] L.C.G. Rogers and J.W. Pitman, 1981, Markov Functions, Ann. Prob., Vol. 9, No. 4, 573–582.

[33] M.J. Sharpe, 1980, Some Transformations of Diffusions by Time Reversal, Ann. Prob., Vol. 8, No. 6, 1157–1162.

[34] L. Shepp, 1967, A First Passage Problem for the Wiener Process, Ann.

Math. Stat. 38, 1912-1914.

[35] T. Shiga and S. Watanabe, 1973, Bessel diffusions as a one-parameter family of diffusion processes, Z. W. 27, 37–46.

[36] S. Watanabe, 1975, On Time Inversion of One-Dimensional Diffusion Processes, Z. W. 31, 115–124.

[37] S. Watanabe, 1995, Generalized Arc-sine laws for one-dimensional diffusion processes and random walks, Proceedings of Symposia in Pure Mathematics: Stochastic Analysis, American Math. Soc., Providence, Rhode Island, Vol. 57, 157–172.

[38] D. Williams, 1973, Path Decomposition and Continuity of Local Time for One-dimesional Diffusions, I, Proc. London Math. Soc. (3), 28, 738– 768.

[39] M. Yor, 1984, On Square-Root Boundaries for Bessel Processes and Pole- Seeking Brownian Motion, LNM 1095, Springer-Verlag Berlin Heidelberg, 100–107.

[40] M. Yor, 1995, Local Times and Excursions for Brownian Motion, Lecciones en Matemáticas, Número 1. 1995, Universidad Central de Venezuela.

[41] M. Yor, 1997, Some Aspects of Brownian Motion, Part II: Some recent Martingale Problems, Lectures in Mathematics, ETH Zürich.